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Abstract

A differential detection technique for MPSK, which uses a multiple symbol
observation interval, is presented and its performance analyzed and
simulated. The technique makes use of maximum-likelihood sequence
estimation of the transmitted phases rather than symbol-by-symbol detection
as in conventional differential detection. As such the performance of this
multiple symbol detection scheme fills the gap between conventional (two-
symbol observation) differentially coherent detection of MPSK and ideal
coherent of MPSK with differential encoding. The amount of improvement
gained over conventional differential detection depends on the number of
phases, M, and the number of additional symbol intervals added to the
observation. What is particularly interesting is that substantial performance
improvement can be obtained for only one or two additional symbol
intervals of observation. The analysis and simulation results presented are
for uncoded and trellis coded MPSK.
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1.0 Introduction

It is well known that, in applications where simplicity and robustness of
implementation take precedence over achieving the best system performance,
differential detection is an attractive alternative to coherent detection. Aside
from implementation considerations, it is also possible that the transmission
environment may be sufficiently degraded, e.g., a multipath fading channel,
that acquiring and tracking a coherent demodulation reference signal are
difficult if not impossible. Here again, differential detection is a possible, and
perhaps the only, solution.

In the past, differential detection of multiple-phase-shift-keying (MPSK)
has been accomplished by comparing the received phase in a given symbol
interval with that in the previous symbol interval and making a multilevel
decision on the difference between these two phases [1]. An implementation
of such a receiver and the analysis of its error rate performance on an additive
white Gaussian noise (AWGN) channel may also be found in [2: Chap. 5]. In
arriving at the results in [1,2], the assumption was made that the received
carrier reference phase is constant over at least two symbol intervals and thus
has no effect on the decision process when the above-mentioned phase
difference is taken. This assumption is crucial to the analysis but is also
realistic in many practical applications. Also, since the information is carried
in the difference between adjacent received phases, the input information
must be differentially encoded before transmission over the channel.

Although differential detection eliminates the need for carrier acquisition
and tracking in the receiver, it suffers from a performance penalty (additional
required SNR at a given bit error rate) when compared with ideal (perfect
carrier phase reference) coherent detection. The amount of this performance
penalty increases with the number of phases, M, and is significant for M > 4.

For example, at a bit error probability Py, = 10, differentially detected BPSK

(often abbreviated as DPSK) requires about 0.75 dB more bit energy-to-noise
ratio (Ey /NO) than coherently detected BPSK. For QPSK (M = 4), the

difference in Ep/Ng between differential detection and ideal coherent

detection at Py, = 10™ is about 2.2 dB. Finally for 8PSK, the corresponding
difference in Ep/N( performance between the two is greater than 2.5 dB.

Thus, it is natural to ask: Is there a way of enhancing the conventional
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(two symbol observation) differential detection technique so as to recover a
portion of the performance lost relative to that of coherent detection, and yet
still maintain a simple and robust implementation? = Furthemore, if this is
possible, what is the tradeoff between the amount of performance recovered
and the additional complexity added to the conventional differential
detection implementation? The answers to these questions stem from the
idea of allowing the observation interval over which symbol decisions are
made to be longer than two symbol intervals while at the same time making
a joint decision on several symbols simultaneously as opposed to symbol-by-
symbol detection. As such, one must extend the previous assumption on the
duration of time over which the carrier phase is constant to be commensurate
with the extended observation interval. For observations on the order of
three or four symbol intervals, this is still a reasonable assumption in many
applications.

The theoretical framework in which we shall develop this so-called
multiple-bit differential detection technique is the maximum-likelihood
approach to statistical detection. In the next section, we derive the
appropriate maximum-likelihood algorithm for differential detection of
uncoded MPSK and show how the conventional technique is a special case of
this more general model. Since, as mentioned above, we will be making joint
symbol decisions in this new configuration, the technique is a form of
maximum-likelihood sequence estimation, although no coding of the input
information is implied. Later on in the report, we extend the theory
developed here to the case of trellis-coded MDPSK.

2.0 Maximum-Likelihood Detection of MPSK over an AWGN Channel

Consider the transmission of MPSK signals over an AWGN channel.
The transmitted signal in the interval kT < t < (k+1)T has the complex form

5, = 2P’ ' (1
where P denotes the constant signal power, T denotes the MPSK symbol
interval, and ¢ the transmitted phase which takes on one of M uniformly

distributed values By = 2tm/M; m =0, 1, ..., M-1 around the unit circle. The
corresponding received signal is then

r,=s5.e%+n, (2)
where ny is a sample of zero mean complex Gaussian noise with variance
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and O, is an arbitrary phase introduced by the channel which, in the absence

of any side information, is assumed to be uniformly distributed in the
interval (-w,m).

Consider now a received sequence of length N and assume that 8, is
independent of k over the length of this sequence, i.e., 8, =6. Analogous to

(2), the received sequence r is expressed as

r=ge"+n @
where 1, sy, and ny are, respectively, the kth components of the N-length
sequences I, 5, and n. For the assumed AWGN model, the a posteriori
probability of r given s and 0 is

v e
p(rls,8) = Wﬂp{— M} (5)

202

where

I -sef —Zln-. seie”| ®

Simplifying the nght hand side of (6) results in
N-1 N-1
I- ge”ﬂz = Z[Irk_‘.r + |s,‘_,.|2] -2 Re{z r,‘_,s';_,-} cos @
i=0 i=0
N-1
-2 Im{z r,_‘s;_,.} sin @
i=0

= 2["'&-n|2 +|s,] ]

i=0

Zn-ﬁk-. cos(6 - @)

@

where

N-1
-
2 Te-BS-i

i=0

N-1 ®
z n k-is;-i}
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Since @ has been assumed to be uniformly distributed, then the a
posteriori probabability of r given s is simply

pr)=[" p(tls,0)p(6)d6

=—-lz)—,,ﬁexp{--z-—‘—;i‘[lr.-ﬁls.-.-r]}a{ﬁ

(27!0‘. Oy =0 n

i=0

©
where Ig(x) is the modified Bessel function of the first kind. Note that for

MPSK, Iskl 2 is constant for all phases. Thus, since Ig(x) is a monotonic
function of its argument, maximizing p(r|s) over s is equivalent to finding

2

N-1 S
max| ) 1, Si_; (10)
ER s -
which, using (1), results in the decision rule
~ N_l Py 2
choose ¢ if Zr,‘_,.e"""“‘l is maximum (11)
i=0

where é_ is a particular sequence of the B,'s. Note that this decision rule has
a phase ambiguity associated with it since the addition of an arbitrary fixed
phase, say ¢,, to all N estimated phases G s_ipesP,_y,, TESUlLS in the same
decision for ¢. Thus, letting ¢; = ¢x-N+1, the above decision rule can be

alternately expressed as choosing the sequence é that maximizes the statistic

al¥-1 . 2
n :’z r; e/ h—i-n-}vu)‘ (12)

i=0

To resolve the above phase ambiguity, one should differentially encode
the phase information at the transmitter. Letting

o ¢k=¢lz-§+4?gﬁ” - 7(13)
where now A¢k denotes the input data phase corresponding to the kth
transmission interval and ¢ the differentially encoded version of it, then



N-i-2

ri=Opnn= 2A¢k—i-m (14)

m=0

and the above decision statistic becomes

N=i-2 2
N=2 -j Zd'k—i—m
N={-nnat Zrk-ie =0 (15)

i=0

This statistic implies that we observe the received signal over N symbol time
intervals and from this observation make a simultaneous decision on N-1
data phases.

Some special cases of (15) are of interest. For N =1, i.e., an observation of
the received signal over one symbol interval, (15) simplifies to

n=lnl (16)
which is completely independent of the input data phases and thus cannot be
used for making decisions on differentially encoded MPSK modulation. In
fact, the statistic of (16) corresponds to the classical case of noncoherent
detection which is not applicable to phase modulation.

Next, let N = 2, in which case (15) becomes
— ~jani 2 _ 2 . _jAey
n=n_,+ne I = |r,‘_1| + |r,‘|2 +2 Rc{rkr,‘_le } 17

This results in the well-known decision rule for conventional MDPSK,
namely,

choose A@, if Rc{rir;_,e"""*} is maximum (18)
which is implemented in complex form as in Figure 1. Thus, we see from
this approach that conventional differential detection of MPSK is the
optimum receiver in the sense of minimizing the symbol error probability
given that the unknown carrier phase is constant over two symbol times.

This result is not new other than, perhaps, the approach taken to demonstrate
it.

Now, to see a new structure, we consider (15) for N = 3. Here we have



n= l’k—z +re A anD e—iAn—1|2 =
l’l-yjz + h_llz + I'ilz +2 Re{l;r:.ze-j(“"m""“)}
+2Re{n i e} 2Refn e (19)

Thus, the decision rule becomes

choose A, and A, , if Rc{r,r{_,e""‘"‘ +r e ity qq’_ze'i(““"‘"“)} is maximum

(20)
Note that the first and second terms of the metric used in the decision rule of
(20) are identical to those used to make successive and independent decisions
on A¢, and A¢, ,, respectively, in conventional MDPSK. The third term in
the optimum metric is a combination of the first two and is required to make
an optimum joint decision on A¢, and A¢,_,. '

Clearly, a receiver implemented on the basis of (20) will outperform
conventional MDPSK. Before demonstrating the amount of this performance
improvement as a function of the number of phases, M, we first discuss the
implementation of the optimum N = 3 receiver. Figure 2 is a parallel
implementation of the decision rule of (20). It should be noted that the M2
phasors! needed to perform the phase rotations of the output ri(rg-»)* can
be obtained using a matrix which performs all possible multiplications of the
M phasors ejBo, e-jB1, ..., eIBM-1 with themselves. Figure 3 is a series
implementation of the same decision rule which, although simpler in
appearance than Figure 2, requires envelope normalization and additional
delay elements.

3.0 Bit Error Probability Performance

To obtain a simple upper bound on the average bit error probability, Py, of
the proposed N-bit detection scheme, we use a union bound analogous to that
used for upper bounding the performance of error correction coded systems.
In particular, the upper bound on Py, is the sum of the pairwise error
probabilities associated with each (N-1)-bit error sequence. Each pairwise
error probability is then either evaluated directly or itself upper bounded.

Tin reality, only M phasors are needed since the sum angle A¢y+ Adg_1 when taken
modulo 2x ranges over the set B, B1,, BM-1-



Mathematically speaking, let A¢ =(A¢,,A¢, ,....A9,_y,,) denote the sequence
of N-1 information phases and éé = (AP, A, 1., AD,_y.;) b the
corresponding sequence of detected phases. Let u be the sequence of b =
(N-1)logoM information bits that produces A¢ at the transmitter and u the

sequence of b bits that result from the detection of A_¢3 . Then,

P,< M”' ZZW(u,u)Pr{n > i} (21)

AQ- AQ
where w(u,i) denotes the Hamming distance between gand # and
Pr{ 7>l A_$ }denotes the pairwise probability that A_¢3 is incorrectly chosen
when indeed A¢ was sent. The decision statistic 7 is defined in (15) and the
corresponding error statistic ) is identical to (15) with each A¢, replaced by
Ad,. For symmetric signalling sets (such as MPSK), (21) satisfies a uniform
error probability (UEP) criterion, i.e., the probability of error is independent of
which input phase sequence A¢ is chosen as the correct sequence. Under
these conditions, (21) simplifies to

1
Pb < m—— AZ:“W(II u)Pr{n > n|A¢} (22)

where A¢ is any input sequence (e.g., the null sequence (0,0,...,0) = 0).

3.1 Evaluation of the Pairwise Error Probability

To compute Pr{ﬁ > nldg }, we use the approach taken in [3] for evaluating
the performance of noncoherent FSK. It is convenient to define

N-i-2 N-i-2
Na T zdn-i—m owg ZA;""""'
va-Sne B wahShe BT e
i=0 i=0
in which case,

=|wao); =gy (24)



Then, the pairwise error probability Pr{#} > iA¢ }is derived in Appendix A as

Pe{f1> mlae} = [1- 0B .Va)+ 0/a.VB) (25)
where Q(a,B) is Marcum's Q-function [4] and

{i}: %[Ni\/m] (26)

with Eg = PT denoting the energy per data symbol and

N-i-2 N=i-2
R E(An—i-n-do'k-iom) o N1/ Z“k-i—m
5=y e "0 =Ye =0 (27)
, , i=0 L i=0- -
In (27), it is understood that the summation in the exponent evaluates to
zero if the upper index is negative.

Note that for any given N, M, and input data sequence A¢, 6 can be
evaluated for each error sequence _A_dz . We now consider the evaluation of -
(22) and (25) for some special cases.

3.2 Case 1: Conventional DPSK N=2,M=2)

From (27), we immediately get 8 = 0 and thus from (26)

2F

{b}= N, (28)
o

Substituting (28) into (25) gives

Pr{fi>nidp}= %[1 -Q( /%Ea,o}g(o, 27\?)} (29)
0 0

From the definition of the Q-function,

2 .
Q(a,0)=1 0Q(0,B)= CXP(—%) (30)

Since for the binary case the pairwise error probability is indeed equal to the
bit error probability, we have from (29) and (30) that



P= %exp(-%—) | (31)

0
which is the well-known result for DPSK.

33 Case2:N=3,M=2

Here there are three possible error sequences of length 2. The pertinent
results related to the evaluation of (26) and (27) are given below:

n - b
A¢k - A¢k A¢k—1 - A¢k—l ) a
E[3 )
0 -1 —2| =142
n N2 \/_d
E.[3 ]
0 +1 —£| =142
% N2 «/—_
b4 T +1 -E; é:tw/—i
No,L2 . (32)

Since the Hamming distance w(i.&) is equal to 1 for the first two error
sequences and is equal to 2 for the third sequence, then using (32) in (25) and
(26), the upper bound on bit error probability as given by (22) is evaluated as

e (RG-2H ) 4 -G )

(33)

To see how much performance is gained by extending the observation
interval for differential detection from N = 2 (conventional) to N = 3, we
must compare (33) to (31). Due to the complex form of (33) this comparison is
not readily obvious without resorting to numerical evaluation. On the other
hand, by examining the asymptotic (large Eg/Ng) behavior of (33) we can get
an immediate fix on this gain.

When both arguments of the Q-function are large, the following
asymptotic approximations are valid [6]:
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_ A2
Q(a,ﬁ)sl—aiﬂ zﬁaexp{—(a 2‘8) }; a>>f>>1

o(a,B)= _1 —@——cxp{—-@%a—)z}; B>>a>>1

B—a\2na
(34)
Using these approximations, (25) becomes
: _i[ 1 ([Naib, [Veia). [ (B-+ay
Pr{">"'—49}'2[«/5_—%=[ 2tV 2z ]c"p{ 2
(35)

or, from (26),

P[> niae} =

1 (N —N*—|6f ]m +[N+,/N’—|5[2 }m )

2J2n%(N—-|5]) N+yN*-|8f N-N>- o]
B

E
x CXP{—-Z—A’,—Q (N-|o l)} |

1 {’_”_zii+|8|”) {E }
= expy ——=(N —|6))
2\/”%( 161(N - |6 2N, 61

0

(36)
ForN=3and M =2, 18| =1 from (32). Thus, (33) becomes
P< 242 [l cxp{—ff-}] (37)
-TE12 | N

0
Comparing (37) with (31), we observe that the factor in front of the term in

brackets in (37) represents a bound on the improvement in performance
obtained by increasing the memory of the decision by one symbol interval
fromN=2toN =3.

3.4 General Asymptotic Resul

In the general case for arbitrary N, the dominant terms in the bit error
probability occur for the sequences that result in the minimum value of N -
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I81. One can easily show that this minimum value will certainly occur for

the error sequence A_& having N-1 elements equal to the correct sequence A¢
and one element with the smallest error. Thus,

min(N—181)=N - |N 14 £/ 8#-80)min
2.4

=N-y(N-1D2+(N-D(2-dZ,)+1

=N-151_,,
(38)
where
a2, = 4sin2ﬂ!;24—¢iﬂm = 4sin2% (39)
Also note that for 18! = 131 max, (26) reduces to
bl E T
=—4| N+2VN-1sin— 40
{a} 2No[ o0 M] (40)

Thus, the average bit error probability is approximately upper bounded by

PS——— w(u, i)
(N- 1)1032 (Aoz.«}so ]

ﬂ?[\/ B mf(ﬂl?%i,,,.,)] ool 0L
(41)

where w(u,ii) corresponds only to those error sequences that result in 18| max.

For the binary case (M = 2), we have from (39) that d’,_ =4 and hence
N-18l_, =2. Similarly, it is straightforward to show (see Appendix B) that the
sum of Hamming distances required in (41) is given by
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2w i) = (42)

AO‘AQ

Thus, (41) simplifies to

2 ([N-1)1 E,
P< J”ﬂ( N—2)[_2-CXP{_E}] (43)

0

which is the generalization of (37) for arbitrary N2.

2(IN-1); N>2
1;, N=2

Eq. (43) has an interesting mterpretahon as N gets large Taklng the limit
of (43) as N — =, we get

P,< ! exp{— —E-“-} (44)
i T E.L NO ) -
NO

which can be expressed in terms of the asymptotic expansion of the
complementary error function,

erfcx———j exp(=y)dy = «/_ exp(—x?) (45)

R< erfe f% (46)
0

For coherent detection of binary PSK (BPSK) with differential.encoding and
decoding, the bit error probability performance is given by [2: Chap. 5]

E 1 E,

which has an asymptotic upper bound identical to (46). Thus, as one might
expect, the performance of multiple symbol differentially detected BPSK
approaches that of ideal coherent detection BPSK with differential encoding
in the limit as the observation interval (decision memory) approaches

infinity.

by

2Note that (43) is not valid for N = 2 since in that case I8! max = 0 [see (38) and (39)] and
thus the inequalities in (34) are not satisfied.
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A similar limiting behavior as the above may be observed for other values
of M. In particular, it can be shown (see Appendix B) that for M > 2 and a
Gray code [2] mapping of bits to symbols, the sum of Hamming distances
corresponding to |81 max is given by

Zw(u,ﬁ)={4w—l); N>2 48)

ﬂ"éﬁ 2, N=2
Using (48) in (41), we get (for N > 2)

S —— (\/ 5 N+|§Im§"“}
s 2 PV PL

0

E
X exp{—avfz(N - |6Lm)}

(49)
where, from (38) and (39),

18] 0= \/(N—l)2+ 2(N—1)(1—2$in2-£-)+1 (50)
For N = 2, the upper bound on bit error probability becomes

1 cos "
2M

E n 4
log, M) [2n—%| sin—— —
(log, M) N sin M Jcos v;

0
X exp{—zglsinz—f—}
No  2M (51)

AsN gets large, [6| — N- 25in2% and (49) reduces to

B <

F,< L 3 exp{—-l% sin’%} =7 L i crfc( ’%— sin%]
(log, M )\I m—esin2 L o 082 0
N M

(52)
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which is identical to the asymptotic bit error probability for coherent
detection of MPSK with differential encoding and decoding (see [2: Egs. (5-91),

(5:92) and (5-113))?.

For example, for QPSK (M=4), the symbol error probability is given by
[2: Eq. (5-115)]

P,=2erfc E | zertc?] |Eo |+ ertc? E e |E
2N, 2N, 2N, ) 3 2N,

- 7 (53)
Since for a Gray code bit to symbol mapping
P P ' '
O B Y 54
*“log,M 2 G4

then (54) together with (53) has an asymptotic upper bound identical to (52).

Figures 4, 5, and 6 are illustrations of the upper bounds of (49) and (51) for
M =2, 4, and 8, respectively. In each figure, the length (in MPSK symbols) of
the observation interval, N, is a parameter varying from N = 2 (conventional
MDPSK) to N = o (ideal coherent detection). Also indicated on the figures
are computer simulation results corresponding to the exact performance. We
observe that, for example, for binary DPSK, extending the observation
interval from N = 2 to N = 3 recovers more than half of the Ep /N loss of
differential detection versus coherent detection with differential encoding.
For M = 4, the improvement in E,/N( performance of N = 3 relative to N = 2
is more than 1 dB which is slightly less than half of the total difference
between differential detection and coherent detection with differential

encoding.
4.0 Application to Trelli ded MDPSK

In this part of the report, we extend the idea of multiple differential
detection of MPSK to trellis coded modulations (TCM). We will show that a

31t should be noted that the result in (52) can be obtained by observing that, for large N, (40)
satisfies Yb >> ¥b - Ya > 0. In this case, (25) can be approximated by [5: Appendix A]

Pr{f} > nldg}= %[1 - 0(b,a)+0(Wa,\b)|= %cﬁc(%ﬁ)

Using this relation in (22) gives the asymptotic bit error probability in (52).

(LT [ NI

i mw
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combination of a multiple trellis coded modulation (MTCM) [7] with
multiplicity equal to N-1 combined with multiple? symbol differential
detection can potentially yield a significant improvement in performance,
even for small N, over that corresponding to conventional trellis coded
MDPSK.

The analysis technique that will be employed to obtain upper bounds on
the bit error probability performance of the system is equivalent to that used
in [8] to assess the performance of conventional trellis coded MDPSK on a
fading mobile satellite channel. In fact, it will be shown that the results
obtained here have an interesting similarity to those obtained in [8] once an
association is made between the squared Euclidean distance measure per
trellis branch for conventional differential detection and the equivalent
distance measure per trellis branch for multiple symbol differential detection.

5.0 System Model

Figure 7 is a simplified block diagram of the system under investigation.
Input bits occurring at a rate Ry, are passed through a rate nk/(n+1)k multiple

trellis encoder (k is the multiplicity of the code) producing an encoded bit
stream at a rate Ry = [(n+1)k/nk]Ry,. Next, the encoded bits are divided into k

groups of n+1 bits each and each group is mapped into a symbol selected

from an M = 21'*1 _ Jevel PSK signal set according to a set partitioning
method for multiple trellis codes [7] analogous to that proposed by
Ungerboeck [9] for conventional (unit multiplicity) codes. Since the MDPSK
symbol rate is Ry, /n, it is reasonable, from a conservation of bandwidth

standpoint, to compare the performance of this system to an uncoded M = 21
level DPSK system with the identical input bit rate.

At the receiver, the noise-corrupted signal is differentially detected and the
resulting symbols are then inputted to the trellis decoder which is
implemented as a Viterbi algorithm. In selecting a decoding metric, a tradeoff
exists between simplicity of implementation and the optimality associated
with the degree to which the metric matches the differential detector output
statistics.

40ne must be careful not to confuse the multiplicity of the trellis code with the
multiplicity of the differential detection scheme although, as we shall soon see, the two
are indeed related.
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For the case of uncoded MDPSK, a metric based on minimizing the
distance between the received and transmitted signal vectors is optimum in
the sense of a minimum probability of error test. The specific forms of this
metric for conventional and multiple differential detection were described in
Section 2.0. For conventional trellis-coded MDPSK, the metric takes on the
form of a minimum squared Euclidean distance metric. For multiple symbol
detection of MTCM the form of the metric is qmte dlfferent Nevertheless, as

we shall soon see, by a suitable modification of the multiple trellis code

design, the appropriate metric can be converted once again into a minimum

squared Euclidean distance metric. The so-called "equlvalent multiple
trellis code that results from this modification then becomes the key tool used
for analyzing the performance of the system.-. . . :

6.0 Analysis Model

We denote a coded symbol sequence of length Ng by

X=00,X3 " Xy) (55)
‘where the kth element of x, namely, xj, represents the transmitted MPSK
symbol in the kth transmission interval and, in general, is a nonlinear -
function of the state of the encoder and the nk information bits at its input.
Before transmission over the channel, the sequence x is differentially encoded
producing the sequence s. In phasor notation, sk and sk41 can be written as

5, =2Pe’** - |
sk+l = skxk+1 = Vzpei(‘k+“k+l) = ﬁei‘l-fl (56)
where Eg = rEp, is the energy per MDPSK symbol and

x, = e’ (57)
is the phasor representation of the MPSK symbol A¢, assigned by the mapper
in the kth transmission interval.

The corresponding received signal in the kth transmission interval is
given by (2) with sy now defined as in (56) and the noise sample, ny, defined

as before with variance given by (3).
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Consider now a received sequence of length Ng and assume that 6, is
independent of k over the length of this sequence, i.e., 8; =0. Then, the

received sequence r is expressed as in (4) where ri, sk, and nk are,
respectively, the kth components of the Ng-length sequences r, s, and n.

Since the detection scheme will be independent of 0, we can furthermore set
6 = 0 without any loss of generality.

To apply the notion of multiple symbol differential detection to trellis
coded MPSK, the decision statistic of (15) must be associated with a branch in

the trellis diagram. To do this, we construct a multiple trellis code of
multiplicity k = N-1. (The procedure for designing this code will be discussed

later on in the publication.) Thus, we can envision the transmitted sequence,
x, of (55) as being partitioned into B = Ng/k = Ng/(N-1) subsequences5, i.e.,

x=0x%,..... x%) (58)

with each subsequence x(i) = (xi1, Xj2,---,Xjk) representing an assignment to a
trellis branch. Similarly, a received sequence, r, of length N is associated
with a path of length B branches in the trellis diagram. Once this
association is made, computation of bit error probability for the system

follows along the lines of the approach taken in [7]. The details of the analysis
are presented in the following sections.

7.0 Derivation of Pairwise Error Probabilit und

To find an upper bound on the average bit error probability performance of the
system, we must first find the pairwise error probability which represents the
probability of choosing the coded sequence £ = (&, %,,....3y,) = (", 2%,...,.£*”) instead
of x=(x,Xp-.n Xy ) = (", 27,...,x'"). Letting nj denote the maximum-likelihood
metric for the correct data phase sequence on the ith trellis branch and computed in
accordance with (15), then the pairwise error probability is given by

B B
P(x- %)= Pr{z 7,>) n‘{ﬂ} (59)

i=1 i=l

SSince Ng is arbitrary, we can choose it such that Ng/(N-1) is integer.
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Here 1), denotes the metric computed for the data phase sequence associated with
the ith trellis branch of the incorrect path, A¢ denotes the transmitted data
phase sequence for the correct path, and B is the length (in branches) of the
correct and incorrect paths. Also, since the channel is additive white Gaussian
noise (AWGN), the summations in (59) represent sums of independent random
variables.

An exact evaluation of (59) in closed form is difficult if not impossible. At
first glance it might appear that the decision variable in (59) is a special case of the
quadratic form given in [10: Eq. (4B.1)] and thus the pairwise error probability
would be given by [10: Eq. (4B.21)]. Unfortunately, however, the development in
[10: Appendix 4B] requires that the second central moments of the complex-
valued random variables 7, 1,; i=1.2,..,B be independent of i. While indeed
the variances of these random variables are independent of i, the covariance of
7, and 1), is directly proportional to 3; (see Eq. (A-5)) defined by

N-n-2 N-n-2

0 (D) ey S
5.1‘=§e = L¥e (60)

a=0

and thus depends oni. In(60), the data phases that appear in the exponent are
the elements of Ap® and A$®> which denote the ith subsequences of A¢ and Ag,
respectively.

In principle, then, there are two approaches one can take to evaluating (59).
The first is to derive a Chernoff bound [11] on (59) using a method similar to that
taken in [8]. This method has the advantage (as we shall soon see) of enabling

the upper bound on bit error probability to be obtained using the transfer
function bound approach applied to trellis coded modulations in [7]. It has the
disadvantage (typical of Chernoff bounds) of resulting in a loose upper bound on
bit error probability.

The second approach is to try to directly approximate (rather than upper
bound) the result in (59) for large signal-to-noise ratio (SNR). In Section 3.0 we
saw for the uncoded that, despite the fact that we were able to exactly evaluate the
pairwise error probability (equivalent to evaluating (59) for a path consisting of a
single trellis branch, i.e., B = 1), we eventually approximated that result for large
SNR and showed that the results agreed extremely well with those obtained
from simulation. Also, the asymptotic (large SNR) form of the bit error
probability expression had the advantage of allowing direct comparison with an
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analogous expression for conventional (no multiple symbol observation)
MDPSK. The disadvantage of this approach is that the expression for the
approximate pairwise error probability that results cannot be put in a form that
allows evaluation of the upper bound on bit error probability by the transfer
function bound approach. Thus, in this part of the report, we shall consider
both approaches because of their respective merits.

7.1 A Chernoff Bound on Pairwi rror Probabili

A Chernoff upper bound [6] on the pairwise error probability of (59) is
evaluated in Appendix C with the result

_yHN)[N’-I‘S‘ﬂ}

ex
s | N 1-2N )] o
Px—>DH< r— 61
< 1 1- 21N -]
A_i(").- 29
where 9j is given by (60).

The expression in (61) bears a striking resemblance to that which characterizes
the pairwise error probability of conventional differential detection of trellis
coded MDPSK. In particular, letting pp = 1 (no fading) and A = 2A¢ in [8: Eq. (25)],

we get

a 2
] cxp{_i/l(l—Z/’lﬂx,.—x,.l }

. Ny 1-A%%-x|
Pe- D l—— 7w r

Kinx;
Note that for N = 2 (conventional differential detection) and M = 2 (binary
DPSK),

(62)

Iii - xilz =4
6,=0 (63)
in which case, (61) agrees with (62).

Comparing (61) with (62) we observe that, for multiple symbol differential
detection, the equivalent squared Euclidean distance measure per trellis branch
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is N2 - 3|2, We now examine in detail the algebraic structure of N2 - [§|2. In
particular, we shall show how N2 - |5}2 can be expressed as a squared Euclidean
distance of an "equivalent” trellis code with larger multiplicity. Once this
association is made, this "equivalent” trellis code then serves as the
mathematical tool by which the foregoing analysis in [3] can be directly apphed
here.

7.1.1 The Construction of an Egulvalgnt Mulnple Trelhs Code w1th Sguared

Euclidean Distance Measure '

Here we show how to take a trellis code of multiplicity N-1 and distance
measure N2 - 182 and construct an equivalent (in performance) code with
larger multiplicity but a squared Euclidean distance measure. For simplicity
of explanation, we will start with the case N = 3 which corresponds to only
one additional symbol of observation relative to conventional differential
detection.

From (57) and (60), we have that

N-1 N-n-2 . 2
I ERE
a=0 m=0
2 }1 ’f‘j"ﬁz M 20 i
- 3 T 3
n=0 m=0 * ' (64)
For N = 2, (64) simplifies to
—|6f = 4|1+ x5 (65)

Since there is only one MPSK symbol per trellis branch, i.e., multiplicity equal
to one, we can simplify the notation in (65) to
N2 |5 = & = 4= (141 + 2Re{x47})

=2-2Re{x&} =|x - if (66)
Thus, for conventional differential detection, N2 - | §|2 yields the squared
Euclidean distance measure as one would expect.

For N = 3, (64) becomes
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2 DA ) sl iy s
N*—|6) =9- ll +xOFx B 2+ x,(‘_’,x,(‘_);l
=9 —(3+2Re[x"3"'x( 2%} + 2Re{x2, 2} + 2Re x5 })
D) _ 2020 P a6 P oAk
= 6~ (2~ %2~ 5050 )~ (2~ - 22 - (2 - 57
HIENOY H_ s () _ 2in6) P
=[ai2, = 30 + - 20 + 2 - 5050
’ (67)
The first two terms in (67) represent the squared Euclidean distances
associated with the two symbols assigned to the ith trellis branch and as such
their sum would be the squared Euclidean distance for this branch. The third
term in (67) can be interpreted as follows. Note that the product of two MPSK

symbols, say x)x and xpy,, is indeed another MPSK symbol whose phase is the
modulo M sum of the phases of xx and xm. Thus, if the MPSK symbols are

represented by their equivalent M-ary numbers, e.g., ¢28mM/M _; m, then the
third term in (17) represents the squared Euclidean distance associated with a
symbol which is the modulo M sum of the first two symbols assigned to that
trellis branch.

As a simple example of the above construction, consider the multiple
trellis code illustrated in Figure 8 which has multiplicity k =N -1 =2. This
code is the optimum 2 state, k = 2, rate 2/4 trellis coded QPSK designed for the
AWGN. Computing the performance of this code with a three symbol
multiple differential detection scheme, the distance measure N2 - |§|2 is then,
according to the above, mathematically the same as computing the
performance of the k = 3 trellis code in Figure 9 and a squared Euclidean
distance measure. Note that the third symbol assigned to each branch in
Figure 9 is the modulo 4 sum of the first two symbols on each path of that
branch.

The above technique for generating the equivalent code can be generalized
to arbitrary N. In particular, from (64) it is straightforward to show thaté

8For simplicity of notation, we omit the *i's” on the variables with the understanding
that we are dealing with the ith branch.
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N-3 N-2

2
'I5| 2";—»1 xk—ql + 2321 k-mXk-ny xh-aqu nzj ]
m=0
N-4 N=3 N-2
+ 2 E Zka-nlxk-nzxk—ng xk—ulxk—ngxk—ngl
m=0 a2=1 n3=2
+- 'l-xlxk—l' “Xpnazr— Xy '—ft-mzlz (68)

Once again the first term in (68) represents the squared Euclidean distance
associated with a branch in the N-1 multiplicity trellis code whereas the
remaining terms represent the squared Euclidean distances of the additional
symbols that must be assigned to each branch in accordance with modulo M
sums of the prev1ous symbols '

It is 1mportant to emphasxze that the trellis code of Figure 9 (or, more

~ generally, the one that would be constructed from (68)) is strictly a
mathematical tool that is useful for performance analysis. The actual trellis
code that would be used for an N = 3 multiple differential detection of rate 2/4
trellis coded QPSK would be a multlphcxty 2 code such as that illustrated in
Figure 8. -

7.2 An Asymptotic (Large SNR) Evaluation of Pairwise Error Probability

As previously mentioned, finding an exact closed form expression for the
pairwise probability of (59) is difficult due to the dependence of the covariance
of 1, and 7, on the summation index i. Nevertheless, if one is willing to
settle for asymptotic (large Eg/Ny) results, then it is possible to define a
procedure which will allow approximate evaluation of pairwise error
probability.

To see how this comes about we first recognize that the decision variable is
a special case of the quadratic form discussed in [10: Appendix 4B]. Thus,
following the approach taken there, it is straightforward to show that for the
specific case at hand here where the second central moments depend on i,
[10: Eq. (4B.9)] generalizes to

X
H ‘ » XP vi+v?
' d

v (69)

V+v?



where
_ 2NN 2 _ 2
a,=Q2P )(“TQ]N '&l ]

o, =PV -|5[]

v‘_[(zva )“Nz W] l (70)

with §; defined in (60) and € > 0 a parameter that can be selected, as we shall
soon see, for convenience in defining the contour path of integration. At
this point, we cannot proceed further with the procedure taken in

[10: Appendix 4B] due to the dependence of v;j on i.

A technique for evaluating (70) in the limit of large PT/Ng = Eg/Ny is
discussed in Appendix D and is based on a variation of the method of
stationary phase for analytic functions [13]. In order to apply this technique to
(70), we first rewrite it in the normalized form

oy __1 =i 14 j&zBy - 82'B,
Pa= 2 jI-=tie 21,’:‘1[62224-1 { 0§ 6222-!'1 z 71)

B,=N
ﬁm = N2 - lan
2 N -8}
gl = e " 8‘ <1
V. —_
P \N-le] (72)
and e'= €/ Vimin where i in is the value of i that results in the minimum

value of 18;1,i.e., the trellis branch along the error event path with the largest

equivalent squared Euclidean distance N2 - 18;12. The integral in (71) is now
in the form of (D-l) where

g(Z)— ng 2+1

Z i1

£2By+ i82°B
f@@)= TS |
zx 57 +1 (73)
Before considering the general result for an error event path with an
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arbitrary number of branches B, we shall show that, for B = 1 (a one branch
path), this approach gives the identical result to (36) for the uncoded case. In
particular, for B = 1, we have from (72) that 1 = 1, and thus letting 8 = 81, the

appropriate’ critical point (value of z where f(z) = 0) of (73) is given by

fN—I&I .
=7 4
zo ] N+|8I<J (7)

Also, note that since the integration contour in (71) is selected to pass through
the critical point of (74), then '
‘= 75)
= \N+pl 3)

The real and imaginary parts of f(z) evaluated at the critical point of (74)
are given by . . '

¢1(zo) = Re{f(zo)} =0
6,(z) = Im{f(z)} = 9’—;@

(76)
Also, '
-\ J (N+|8])?
f (ZO) - 2 Ial
’ N-|s] 28|
77)

Finally, substituting (76) and (77) into (D-13) gives the desired result

~ ~ 1 N 8 E .
P(x—x)= Pl'{n> n!ﬂ}g ZJ E [\’I&I()\;’l llsl) )cxP{-Z—I\‘Io-(N_lab}
ﬂ__’
N,

0

(78)
which agrees with (36).

7Another critical point of f(z) occurs at
N +6|

0~ J N _ |3|
However, this point results in the integration contour passing through one of the
singularites of g(z) at z = j and thus, in accordance with Appendix D, is not allowable.



For an error event with an arbitrary number of branches, B, we reason as
follows. Since the parameters {£;; i = 1,2,...,B} in (72) have been defined such
that their values are all less than or equal to unity, then from (73) we observe
that, aside from the singularity of g(z) at z = 0, all of the singularities of f(z)
and g(z) lie on the imaginary z axis in the interval j < z < e. Furthermore, it
is shown in Appendix E that there exists a unique critical point of f(z) in the
interval 0 < z <j. Denoting this critical point by zg = jyg (unfortunately, one
cannot, in general, find a closed form expression for z( analogous to (74) and
thus one must resort to numerical evaluation), then the integration contour
in (71) should again be selected to pass through this point, i.e., choose €' = yy.
Furthermore, the contour should be tailored so that it does not pass through
any of the other critical points of f(z) should they occur at values of z = a + j&;
a#0.

From (73), we observe that for zg = jyg, f(zg) and g(zg) are purely
imaginary, i.e.,

oY — ~ Bz.ga)'o_ﬂl’sa&zi-
F(w) J; 1— 5‘9)62 Jo.(%)

U B T P
g() = —J[;H m?]? J$,00)

i=1

(79)

Also, the second derivative of f(z) evaluated at z = z( is also purely imaginary
and given by

N -3B,E0+3BEx% —B.EN |2 .
i=1 (1 -£ ‘?){, )

Then, using the results of Appendix D, in particular, Eq. (D-13), the pair-
wise error probability of (71) is asymptotically approximated by

a1 0,(%) { E }

Px—Xx)= Z -—<£¢,0) (81)
: Jzn%(d%(m}”‘p N, P

0

which is of the same functional form as (78).
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8.0 Evaluation of an Upper Bound on Bit Error Probabilit

An upper union bound on the average bit error probability is obtained
from the pairwise error probability as

B< Y Y axDpPE - 3) (822)
1,3eC
where a(x,£)) is the number of bit errors that occur when x is transmitted and
x is chosen by the decoder, p(x) is the a priori probability of transmitting x and
Cis the set of all coded sequences. If the pairwise error probability is upper

Chernoff bounded as in Section 7.1, then one must in addmon optimize over

the Chernoff parameter, in which case (82a) becothes

p<min 3 ¥ a(xDp(P(x > ) | (82b)

X, zeC

8.1 Evaluat,ironrbv the Transfer Function Bound Approach

When the pairwise error probability is upper Chernoff bounded, then an
efficient procedure for evaluating (82b) is the transfer function found
approach applied to multiple trellis coded modulations in [7]. In particular,
the trellis codes are represented by a pair-state transition diagram [14]. Each
pair-state (s;,§;) corresponds to a pair of states 5; and §; in the trellis diagram.
Thus, a transition between pair-states (s;,§,) and (s,,,, ,,,1) in the transition
diagram corresponds to a pair of transitions in the frellis diagram, i.e., s; to s,,,
and §; to §,,,. Associated with each of these trellis diagram transitions are the

k' MPSK symbols8 corresponding to a sequence of nk input bits (an’
information symbol) to the multiple trellis encoder. Thus, the transition
between two pair-states in the transition diagram is characterized by a
function of the squared Euclidean distance |2, - z,.|2; i=1,2,.,)k between the

corresponding k' MPSK output symbols? and the Hamming distance Q
between the corresponding input bit sequences.

8Here, k' refers to the extended multiplicity of the equivalent code as discussed in the

previous section.

9Here z; and Z; denote the correct and incorrect MPSK symbols assigned to a trellis

branch in the equivalent code with extended multiplicity. As such, the first k of these
symbols will be identical to the x,'s and X;'s, respectively, whereas the remaining

symbols represent modulo M sums of these first k in accordance with the construction.

procedure discussed Iin Section 8.1.
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Based on the above discussion, each branch between pair states in the
transition diagram has a gain G of the form

"
g aA-WY |z, -z
exp{— Nx F i=l
i=1 _ n ,. 2
G=3 L - LD Y f(§|z,.-z,.| ,a] 3
1-4 Z|z.. -z} i
i=]
where I is an index, nk is the number of bits input to the trellis encoder in
each transmission interval, and

44 (1-AN)x
AD 1-a%
A)=——5— 84
TeM="7% ®9
with D the Bhattacharyya parameter [11,14] defined by
4 E,
D =exp (— 2 NoJ (85)

Also in (83), the summation accounts for the possibility of parallel paths
between states in the trellis diagram. The transfer function (the sum of all
possible path gains) of the transition diagram is denoted by T(D,I) and, by
comparison with (82b), the upper bound on average bit error probability is
given by

_1d
P< rrimEET(D,I)L:l (86)

8.1.1 A Simple Example

To illustrate the foregoing theory, we consider, as a baseline, the simple
case of a 2 state, rate 1/2 trellis coded QPSK designed for the AWGN. The
appropriate trellis diagram for such an Ungerboeck design is illustrated in
Figure 10. If indeed we are to detect this coded modulation differentially with
N symbol observation, then we must first construct a multiple trellis code
with multiplicity k = N-1 which would have identical performance as the
original k = 1 code of Figure 10 if conventional differential detection (N = 2)
were used for both.10

10Note that the construction of such an equivalent (same performance) multiple trellis
code from a unit multiplicity (Ungerboeck-type) trellis code can always be performed
whereas the reverse Is not necessarily true. Also note that the multiple trellis code does
not require a different encoder than that used for the unit multiplicity code.
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The particular case we shall consider here is N = 3. Thus, we need to
transform the trellis diagram of Figure 4 into an equivalent multiple trellis
diagram with multiplicity k = 2. The procedure for doing this is to perform a
particular type of Cartesian product of the transition matrix of the code in
Figure 10 with itself. Letting

T= [xm xon] (87)

[ X0 *n

represent the transition matrix of a 2 state code with no parallel paths, i.e., xjj

is the MPSK symbol assigned to the branch corresponding to the transition
from state "i" to state "j", then the appropriate transition matrix for the
equivalent multiple trellis code is

-(xoo’ xoo) (xoo’xm)
T® i_[xoo xox] ®[xoo xox] 4 Xo1» %10 Xo1s X1y (88)
%10+ %00 X100 Xo1 :
(xl 1 xlo) (xu'xu ) '
From (75), we see that each branch in the equivalent trellis code is

characterized by two parallel paths with code symbol assignments in
accordance with the 2-tuples in 1),

Applying (87) to Figure 10, we get

0 2 -
=[l 3] (89)

and thus, from (75), the transition matrix of the equivalent code is given by
(21) (23}
0 2 0 214/\2,1 2,3
@2 2
T [1 3]®[1 3] 1,0\ (1,2 40
3,1 3,3

which generates the trellis diagram illustrated in Figure 11. Note that this
trellis is different than that illustrated in Figure 8 for the same rate 2/4 coded
QPSK. As such, Figure 11 does not represent the optimum muiltiplicity two

code.

Figure 12 illustrates the pair-state transition diagram corresponding to
Figure 11 and has the transfer function

e b pow
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4ac

1-2b
(E,4A(1-23))
(N, 1-42% )
1-44?
(E,24(1-24))
L N, 1-27°
1-247
(E,2A(1-24))
1\ N, 1-22 | b

2 1-222 1 (o1
where f(x,A) is defined in (84) with N = 2. Differentiating (91) in accordance
with (86) gives the desired expression for the upper bound on bit error
probability, namely,

- T(D,I)=

exp

I
= 5f(4’2')

a
i
N~

N

I
—Ef(2,l)

cxp(_ E, 2A(3-81Y) J
P, < min f(4,l)f(2,12)=min(l—212) N, 1+22)1-21% 2
A(1-f@2A) A \1-44 ( . (E,,ZA(I—M)]]
1-2A"—exp| ——2————
N, (1-21%

(92)
The upper bound on Py, of (92) is plotted in Figure 13 versus E/Ng.

To apply multiple symbol detection to the trellis of Figure 11, we must first
convert it, in accordance with Section 8.1, to an equivalent trellis diagram
with a Euclidean distance measure for all its symbols. This mathematically
equivalent trellis diagram is illustrated in Figure 14 for N = 3. Figure 15
illustrates the pair-state transition diagram corresponding to Figure 14 and
has the transfer function

4ab
1-2d
a= %(1 +IHf@8,A), b= %[(2 +D)f(4,1)+1f(8,1)]
If@&A), d= %[(21+ P)f8,A)+I*f(4,4)]

T(D,)=2c+

1
2 (93)
where f(x,A) is defined in (84) with N = 3. Differentiating (93) in accordance
with (86) gives the upper bound on bit error probability as

C =
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11f(4,/'L)+5f(8,l)—5f(4,l)f(8,l)+%f2(4,2.)-%—f2(8,l)

P,,Smlin—;-f(&}.) 1+ 3 1 3
Z[I—Ef(8,l)—-—2—f(4,l)]

(94)
The upper bound of (94) is supenmposed on the results from (92) in Figure
13. Also included in this figure are simulation results corresponding to the
exact performance of the system for N =2 and N = 3.

We observe from Figure 13 that the curves corresponding to the Chernoff -

bounds of (92) and (94) are quite close to one another. The reason for this is

__that, for N = 3, the bound is much looser than it is for N =2. To understand

the reason for thls, we compare ‘the . exact result (or its asymptotlc :
approximation) obtained for uncoded mulnple symbol DPSK with what ,
would have been obtained by using a Chernoff bound on the pairwise error
probability. In particular, if instead of the asymptotic approximation of (36)
the pairwise error probability were Chernoff bounded (as has been done here
in the coded case), then one would obtain a relation analogous to (61) but
without the product since, for the uncoded case, the number of branches in an
error event, B, is equal to one. If then one were to minimize only the
exponential term in (61) with respect to A (global minimization is difficult to
accomplish in closed form), then the optimum Chernoff parameter becomes
Aopt = 1/(N + 181) which when substituted in the Chernoff bound gives

P(x—> %)< Zl‘sll l {— : (N—lal)} ' (95)
Comparing (95) with (36), we observe that both the approximation of the exact
result and the Chernoff bound yield the same exponent; however, the
Chernoff bound does not produce the inverse square root of symbol energy-
to-noise ratio behavior which is all important in distinguishing the
performance of conventional from multiple symbol differential detection.
Thus, using the Chernoff bound of (95) rather than the approximation of the
exact result as in (36) to calculate the union bound on bit error probability for
multiple symbol differential detection of uncoded MPSK would also result in
a loose upper bound as we have observed in the coded case.
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For equivalent trellis diagrams with parallel paths (as is the case in the
current example - see Figure 14), we can improve upon the above as follows.
Consider the terms in (82b) due to the parallel paths. Since parallel paths are
one branch in length, then for these terms we can use the exact (or large SNR
approximate) result for P(x — %) from the uncoded results in Section 3. In
terms of the evaluation of Py by the transfer function method, what we do in
effect is to subtract the portion of the transfer function due to the parallel
paths and apply the Chernoff bound to only the remaining portion of the
transfer function. Mathematically speaking, this is equivalent to rewriting
(86) as

. 1d
R <P, +min——[T(D.])- T(D.D] _, (96)
where P, is the portion of Pp contributed by the parallel paths; this portion is

evaluated by the exact (or large SNR approximate) result, and To(D,]) is the
part of the transfer function due to these parallel paths. The amount of
improvement obtained using (96) instead of (86) will be significant when the
terms due to the parallel paths dominate the error probability, i.e., they yield
the minimum equivalent squared Euclidean distance (N2 - 1512) over all
error event paths.

For the example under consideration, the term "2¢" in (93) results from
the parallel path in Figure 14, i.e., Tg(D,]) = 2c. This, in turn, contributes the
term (1/2)f(8,A) in (94) which corresponds to the minimum equivalent
squared Euclidean distance N2 - 1312 = 8. Subtracting this term from (94) and
replacing it by the asymptotic (large SNR) approximation [see (36)]

1 N +|5] B .

R,

i

0
where for this example, N = 3 and

16]=N? - (N*-|5]) =v9 =8 =1 (98)
then, from (94), (96), and (98), we get the approximate tighter upper bound
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F < ! = exp{—%}
2.[2n2 o

0

11f(4,2.)+5f(8,l)—5f(4,l)f(8,l)+%f2(4,l)—%f’(&l)

+nain-;—f(8,‘3, 3 : =
z{l—;f(s,m—gfm,m}
©9)

The bound of (99) is supenmposed on the results in Fxgure 13 and is seen to
yield an improvement over that correspondmg to (94).

' 8.2 Evaluation Using the Asymptotic Approxxmatxon to Pairwise Error
Probabﬂl

The upper bound of (82a) together with (81) has been evaluated for the
example under consideration. In performing this evaluation, we have kept
only those error event paths which yield a significant contribution to the
sum. The results are also illustrated in Figure 13 and are seen to represent an
improvement over the upper bounds determined in Section 8.1. However,
since for this example, the trellis contains a parallel path which will dominate
the error probability performance at high SNR, then the upper bound of (99)
is quite close to that obtained here using the asymptotic approximation to
pairwise error probability. For trellises that do not contain parallel paths, the
approach leading up to Eq. (99) cannot be used and thus one must employ

either the loose Chernoff bound or the asymptotic approximation method.

The same upper bound of (82a) together with (81) can also be used for
conventional (N = 2) differential detection of rate 1/2 trellis coded QPSK. For
the example in Section 8.1.1, the result is illustrated in Figure 13 and is again
seen to agree quite well with the comparable simulation results.

8.3 Another Example

Figure 16 illustrates error probability performance results obtained by
simulation for a 16 state, rate 2/3 trellis coded 8PSK using conventional
(N = 2) and multiple (N = 3) symbol differential detection. ~This code, which
is optimum on the AWGN, has the transition matrix [9: Fig. 7]
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4 0 6 2
5173

6 2 40
7351

4 0 6 2 (100)

0 426
1537

2 6 0 4

3715
We observe from this figure that in going from N =2 to N = 3, an
improvement in Ep,/Ng performance of about 0.75 dB is obtained for the

range of bit error probabilities illustrated.

9.0 Conclusions

We have demonstrated a multiple symbol differential detection technique
for MPSK which is based on maximume-likelihood sequence estimation
(MLSE) of the transmitted phases rather than symbol-by-symbol detection.
The performance of this multiple symbol scheme fills the gap between ideal
coherent and differentially coherent detection of MPSK. The amount of
improvement gained over differentially coherent detection (two symbol
observation interval per decision) depends on the number of additional
symbol intervals added to the observation. In the limit as the observation
interval approaches infinity, the performance approaches that of ideal
coherent detection with differential encoding. Practically, this limiting
performance is approached with observation times (decision memory) only
on the order of a few additional symbol intervals. Thus, even in situations
(e.g., benign environments) where one would ordinarily not turn to
differential detection, it might now be desirable to employ multiple symbol
differential detection for reasons related to simplicity of implementation. For
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example, the acquisition and maintenance of a locked carrier tracking loop as
required in a coherent detection system is not needed here.

As for the uncoded case, the use of multiple symbol differential detection of
trellis coded MPSK can also offer an improvement in error probability
performance over conventional (two-symbol observation) differential
detection of the same coded modulation. Again only a slight increase in the
length of the observation interval is necessary to demonstrate a significant

improvement.
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-2 | | I I
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10 | 1 | ]
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Figure 4. Bit Error Probability Versus Ep/Ng for Multiple
Differential Detection of MPSK; M=2
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Figure 5. Bit Error Probability Versus E}, /N for Multiple Differential Detection
of MPSK; M=4 '
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Figure 6. Bit Error Probability Versus E},/Ng for Multiple

Differential Detection of MPSK; M=8
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SYMMETRIC 4-PSK

Figure 8. QPSK Signal Constellation and Trellis Diagram for Optimum Rate 2/4
Multiple Trellis Coded QPSK
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Figure 9. Trellis With Squared Euclidean Distance
Measure That is Mathematically Equivalent to
Figure 8

Figure 10. Trellis Diagram for Conventional Rate 1/2
Trellis Coded QPSK
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33

Figure 11. Trellis Diagram for Rate 2/4 Multiple Trellis
Coded QPSK Equivalent to Figure 10

Figure 12. Pair-State Transition Diagram for Trellis Diagram of Figure 11
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N = 2 [Eq. (92)]
a N
\\ N =3 [Eq. (94
» N - 3 [Eq. (94]
10
?_\. & N = 3 [Eq. (99)]
. A
a® 103
N =2][Egs. (81), (82a)] >
- N=23[Egs. (81), (82a)]
1074 -
N A Simulation (N = 2)
8 A Simulation (N = 3)
| Interleaving Size = 512 symbols . \
B Interleaving Depth = 16 branches \
\
10_5 L i | o+ 1 i ] 1 | I [ ,
6.0 6.5 7.0 7.5 8.0 8.5 9.0 95 10.0 °
Eb/No, dB

Figure 13. Analytical and Simulation Results for Bit Error Probability of 2-State,
Rate 1/2 Trellis Coded QPSK With Conventional (N=2) and Multiple
(N'=3) Symbol Differential Detection
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0,0,0 0,0,0

3,3,2

Figure 14. Trellis With Squared Euclidean Distance
Measure That is Mathematically Equivalent to
Figure 11



Figure 15. Pair-State Transition Diagram for Trellis Diagram of Figure 14
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16 State TCM
Interleaving Size = 512 symbols
i Interleaving Depth = 16 branches
C
102
a® 1073
10-4 —
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6.0 6.5 7.0 75 8.0 8.5
Eb/No, dB

Figure 16. Simulation Results for Bit Error Probability of 16 State, Rate 2/3 |
Trellis Coded 8PSK With Conventional (N=2) and Multiple (N=3)
Symbol Differential Detection
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Appendix A
Evaluation of the Pairwise Error Probability
In [3], it is shown that for complex Gaussian random variables z; and z;

with identical variances and arbitrary means and covariance, the pairwise
probability of error Pr{|zz|2 > |z,|2}is given by

Pefla > |2} = 2{1- 0B, V3) + 0a,VB) (A1)

where Q(a,B) is Marcum's Q-function [4] and

{b}_ 1 {S,+S,—2[p[1/Slszcos(0,—92+¢) s s,-s,}

a 2N, 1-lpf NG
(A-2)
with
11—
S‘ii e s,i% A
R T I o
1 — ] —
pii_N_,(zl - 21) (7'2 - 22)
¢ =arg{p}; 6,=arg{z}; 6,=arg{z,} (A-3)

Here we associate zjand z with w(4¢) and w(A_43 ), respectively, of (23).

Using (1) and (2) in (A-3), we get
N=i-2
N-l =] zdn-i-u )
'z'; =+2P 2 ett-ig m=0 =+2P/*-N+N
i=0
N=i=2
_ N zdak-i-n ‘
zZ,= ,\/'2"’; Z et-ig m=0 = ﬁel‘k-h]ﬂ S
i=0 (A-4)

where

e
PRECEDING PAGE BLANK NOT FILMED meE 5 0 nTENTIONAMLY BLANK

LT SF
i)
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N-i-2
N-1 / z(“k-i—--dh-.-_,)
823 (A-5)

=0 i
where it is understood that the summation equals zero if the upper

summation index is negative. Substituting (A-4) into (A-3), gives

§,=PN% §,=P5[’ (A-6)
Also, using (3)
Ni-z 2
N-1 =i Apgi-
N, = %E Yon_e ™° = NTEQ (A-7)
i=0
and o
. Ni-z N-}i-z_
1 N-1N-1 . I( = A —i—m— k. A’k—n—m)
P= 2 2 E {nk-i nk—n}e =0 =
2N, iz 0

N-i-2
_ _1— N-1 % ei( ;An—i-m—dn-i-m)* ﬁ |
2N’ i=0 T N B (A-8)
Finally, substituting (A-6) - (A-8) into (A-1) gives the desired result, namely,

Pr{fi>midg)=2[1-0WBAND+OWaNB)] a9
where

bl _E el

=—*|NtN*-|5 ] A-10
{a} 2N0[ 191 ( )
where Eg = PT is the energy per data symbol.
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Appendix B
Proof of Egs. (42) and (48)

Starting with the definition of d in (27), we now write it in the form

N-1
S=1+) ™ (B-1)
i=1

where

a; - 2 Oy N4ten ' (B-2)

n=1
Thus, 6 is the sum of N unit vectors the first of whose arguments is zero and
the rest of whose arguments are increasingly larger sums of the phase errors
in accordance with (B-2). Note that the values of the accumulated phase
errors, i'S, also range over the set + 2nrm/M; m=0,1,.., M/2-1. We are

interested in determining the various possible solutions for the 6¢'s such
that the maximum value of the magnitude of 3§, namely 131,54, of (49) is

achieved.

For arbitrary M, there are four situations that achieve |3 | We shall

max’
refer to these as cases 1, 2, 3, and 4 which are described as follows.

Case 1: All N-1 vectors €/%; i =1, 2, ..., N-1 must be collinear and equal to
e_‘jz“/ M Thus, o; = 2n/M; i =1, 2, ..., N-1 which, in accordance with (B-2),
has the single solution

2 .
80y ar = "1(475 80, v =0;i=3,4,.,N (B-3)
Case 2: All N-1 vectors &%; i = 1, 2, ..., N-1 must be collinear and equal to
e-j2r/M, Thus, a; = - 2n/M; i = 1, 2, ..., N-1 which, in accordance with (B-2),
has the single solution

2n .
8¢k—N+2=_7; 0 nui=0;i=3,4,.,N (B-4)
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Case 3: Any N-2 vectors /% must be collinear and equal to e/ = 1 and the

remaining vector must be equal to ej2%/M_ For this case there are N-1
different solutions. For example, suppose first that ooy = 2n/M, and a; = 0;

i=2,3,.. N-1. Then,

2n 27

—; O yn=—""s

M M 5¢k-N+i=0;i=4;5"-'aN (B"S)

00 .2 =
Next, letap =2n/M,and ;= 0;i=1,3,4,..,N-1. Then,

2% 5, =0,i=2,56,..N (B-6)

5¢k—N+3 6¢k-N+4 M

In general for o, =2n/M, e = 1,772”,7..., N-2 andozl - 0,1 =1,2, 7 , i\I-i; i#¢ we
have the solution

271: 2n ,
8¢k N#H»l M et 6¢k-N+¢+2=_—M_; 5¢k—~+i=0;l=1’2"”"¢+3”"’N
(B-7)
Finally, for apy.1 =2r/Mand 0; =0;i=1,2, .., N-2, the solution is
2n .
8¢k=—; &t-y+“=o;l=1,2,...,N—l (B-8)

M

Case 4: Any N-2 vectors /% must be collinear and equal to el = 1 and the

remaining vector must be equal to eJ2%/M For this case there are again N-1
different solutions which are identical to those described by (B-5) to (B 8) with

2n/M replaced by -2r/M and vice versa.

We note that for cases 3 and 4, N-2 of the solutions are characterized by

having one 8¢ = 2r/M, one 8¢ = - 2n/M, and the rest of the 8¢'s equal to zero.

The remaining solution has one 8¢ = 2r/M and the rest of the 8¢'s equal to
zero.

To compute the accumulated Hamming distance of (47), where w(u, i)
corresponds only to those error sequences that result in 181 max, we proceed
as follows. We assume a Gray code bit to symbol assignment where

8¢ = £+ 2n/M corresponds to an adjacent phase symbol error and thus a single

bit error or a Hamming distance equal to 1. Also, a value 8¢ = 0 implies no

[
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symbol error or a Hamming distance equal to zero. Thus, the following
accumulated Hamming distances occur for each of the four cases.

Case 1:

w(s@) =1 , (B-9)
Case 2:

w(u,i) =1 (B-10)
Case 3:

wu,B)=Q)N-2)+ (DD =2(N-2)+1 (B-11)
Case 4:

w,)=2)IN-2)+ (YD =2(N-2)+1 (B-12)

Finally, the accumulated Hamming distance is obtained by summing (B-9)
through (B-12) which yields (for N > 2)

Y wwd)=4N-1) (B-13)

agmaé
which agrees with (48).

For N = 2, Cases 3 and 4 do not occur since N - 2 = 0. Thus, the
accumulated Hamming distance is merely the sum of (B-9) and (B-10) which
yields

Y wu,d)=2 (B-14)
agwad
in agreement with (47).

For M=2, ejz"/ M_ejn - -j2%/M and thus cases 1 and 2 are one and the
same and similarly for cases 3 and 4. Thus, for binary multiple bit DPSK, we
have only half the solutions in which case (B-13) becomes



. [2N-1); N>2
2wad={ "
8484 T

which agrees with (42). Q.E.D.

56

(B-15)
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Appendix C

Evaluation of the Chernoff Bound on
Pairwise Error Probability

Here we derive an upper Chernoff bound on the pair-wise error

B B
probability Pr{z i, > Znil._djl}. In particular, from the definition of the

i=1 i=l

Chernoff bound [11]

B B

10(2 ni-Z'n B
Pr{i 1‘?"_ S in‘lﬂ} SE{e ™= = |Apl= H E{elo("u-m) A¢i}
i=1

i=] i=]
e’:(i) »ag®
(C-1)
where "E" denotes the expectation operator and A is the Chernoff parameter

to be optimized. The remainder of this appendix is devoted to an evaluation
of E{e"’"-"""‘)lﬂ“’}. For simplicity of notation, we shall drop the subscript "i"

with the understanding that we are referring to the ith branch in the trellis
paths under consideration.

From the definitions of 77, and 7 we can write the difference 77— 7 in the
matrix form

fil-n=w"Fw €2

w(A¢) 10 .
w=| — k p=[ ] (C-3)
w(A¢) 0 -1

and the "T" denotes the transpose operation. Here

where

N-n-2



with
r,=2Pe"*** +p, (-5

Substituting (C-2) into (C-1), we get an upper bound of the form given in
[8: Eq. (21)] which can thus be evaluated as (see [12] for a derivation of the
result) :

exp{lou TFA-2AR" F)'J

A,wTFw,
oFw 4 C-6
Efe —9} detd—2AR'F) (6
where I is the identity matrix,
[ N-a-2 T
- N-1 dak—u—nl
,. (0+0k-n) , m=
) E{w(48) 49} 2t~
p=E{wiag}=| =~ = = |=v2P|"
E{w(49)i49] o -
R Zei(o"'t—u)e m=0
L n=0 J
(C-7
and
2NN 2N, *
1 1|7, T,
=sE{e-mr@-pia}=21o0's v (C-8)
T, T,
with
Niijz ) Ni§52
N-1 i B0k—p-m—APk—p-m N-1 i k—n-m
5" 2 e ™=0 _Ze m=0 (C9

=0 =0

To evaluate (C-6) we need to compute the determinant and inverse of
(I- ZAOR*F). Using (C-3) and (C-8) these are evaluated, respectively, as

2a72 ’
det(@ - 2ARF) = 1-422 NT’,V +422 ;z‘ffl (C-10)
and
1+210E}£ —ZAONY‘{s
(I-2AR'F)'= ! ! ! (C-11)

det(T-22RF)| ) NoTa 122, NN

£ s



59
Finally, using (C-10) and (C-11) in (C-6) gives

No 1-27N*-|sf]
1- 22N -|6f]

E, A(-AN)N*- |5|’]}

exp
E{e =149} = { (C-12)

where Eg = PTg and

P 2/10% (C-13)
Reinserting the subscript "i" on § to denote the fact that (C-12) applies to the
ith trellis branch, and substituting the result in (C-1) gives the desired

Chernoff bound on pairwise error probability, namely,

g AQ- AN)[NZ -|8]

exps — SCREPY
s N 1-A1N-|s ] 11
AP+ < : -14
"(B} .'=1H 1- /'\.z[N 2—|6 ,-lz]
25O ap® ,

The value of A that minimizes the bound of (C-14) must be found by
numerical evaluation.

Pr{f‘,ﬁ»gn.-

i=1
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Appendix D

Asymptotic Evaluation of Certain
Integrals of Analytic Functions

Let f(z) and g(z) be meromorphic functions of z on the complex plane, C.
Consider the integral

I(y)= ! g(2)exp(jy f(2)Mz (D-1)

where the contour I' does not péss through any 'singul'arityﬂbf f(z) or g(z) and
we assume that y > 0. Although the contour is usually specified, we can
clearly choose another contour I'g such that the integral in (D-1) remains

unchanged, i.e., IF(y) = Ir3(y) provided that the region bounded by I and I'g
does not contain any of the singular points of the integrand. In particular, the
selection of the contour I'y will be an important consideration in what

follows.

We now describe a procedure for evaluating (D-1) in the limit of large 7,
that is, we seek the first term of an asymptotic expansion of If(y) as y— eo.
The following assumptions, which are applicable to the case at hand, are
made:

(i) The contour of integration I'g may be chosen to pass through at least one
critical point zg of f(z), i.e., a point in C where f'(zg) = 0 and the prime denotes
differentiation. The critical points of f(z) on I'g are assumed to be non-
degenerate, i.e., f'(zg) # 0 if f'(zg) = 0.

(i) Im{f(zg)} is an absolute minimum of Im{f(z)} for z € I'g.

(iii) The functions g(z), g(z)/f'(z), and g'(z)/f'(z) decay sufficiently rapidly as to
ensure absolute convergence of the integrals that appear.

Let {z;; i € n} denote the set of critical points of f(z) that lie along I'g. Let
x(z) be an infinitely differentiable function which is identically equal to unity
in a small interval ] containing z; and vanishes outside J; © J; where Jj is a
small neighborhood of z;j in I'g. Writing g(z) in the form
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8(z) = 2(2)g(z) + (1 - 2(2))8(2) (D-2)

then we can easily see that Ij(y) can be written as a sum of integrals of the
form

I(y)= ‘{ g(2)exp(jy f(2))Mdz

I(y)= !‘g(z)exp(irf (2))dz (D-3)

where Jj contains a unique critical point of f(z), namely z;, and Kj is a contour
(possibly infinite) which contains no critical points of f(z). If Kj is unbounded,
then the integral over K| is understood as an improper integral in the
standard manner. The contour I'g is composed of the union of {Jj Kj;ie n}.
Also, the function g(z) vanishes at the end points of J; and Kj. We now
investigate the asymptotic behavior of I;(y) and Ip(y).

To evaluate Ij(y), we should map the contour line integral into an integral
along a portion of the real line parameterized by the variable t. Thus, let Qi(t)
be a continuously differentiable mapping, with nowhere vanishing
derivative, of the interval t € (0,1) onto the contour K;. Then, keeping in
mind that K; contains no critical points of f(z), the first integral in (D-3) can be
written as

10 = [ s enexpliv FCANK @t

—CXP(JYf (40))

('
k P B

LR A(40)) ,
=—[88,
p N >y U S C@) D)
Integrating by parts results in '

1(y)= (4(:))exp(nf(¢(r))L Ie xor (LG )))a:( g(C(z»J

iy £1(E@®) IA(40))

(D-5)
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The first term in (D-5) vanishes in view of the assumption of rapid decay of
g(z)/f(z) if K; is infinite, and the vanishing of g(z) at the end points t = 0,1.
Therefore, -

1(7)——-— leslirfco)y d:( 2@ }1

FA(40)
(D-6)
whose absolute value is upper bounded by
{(40))
L(y)s— Im D-7
| () jexp( yIm{f( C(t))})| ( A (t»] b (D-7)
Finally, since by assumphon (i), '
minTm{ £(2)} = Im{ f@l=e (D-8)
then, in the integration interval of (D-7),
cxp( yIm{ f (40)) }) <exp(-7c) (D-9)
and hence, - - o o :
L eve) C.= 1{(40))
lII(Y)ISCi yCXp( ye) C= I dt(f (C(‘))}

(D-10)

The second integral of (D-3) involves evaluation in the neighborhood of
the critical point zj under the assumption that the critical point z; is a
minimum of Im{f(z)}, z € I'p. The asymptotic expansior{;f this integral is
given in [13: Chap. 8]. Using the first term as an approximation to Ip(y), we
obtain

Iy = j,f.’( exp(j £(2))e(2) (D-11)

Once again considering the absolute value of this integral, we get

1 ’ nj
/] D— D-12
l 2(7)| '\/7 exp YC l ) g( )| ( )

which clearly dominates 1I7(y)| of (D-10). Itis easy to see that the
contribution of the critical points which are not minimum of Im{f(z)} are
dominated by |Ip(y)!. Therefore, for large v, I(y) is asymptotically given by
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Lm=Y, f.,( At (j£(2))8(z) (D-13)

ien

where the summation is over all the critical points zj of f(z) that are absolute
minima of Im{f(z)} on I'g. Note that if zg is the only such critical point along
the contour I'p, then the summation in (D-13) contains only a single term.

As we shall see, in special cases of the above general theory, it is possible to
choose the contour I'g such that this is true and hence the numerical

evaluation is considerably simplified.

One very special case of the above occurs when f(z) and g(z) are of the form
[see (73)]

8(2)=7 ngzzﬂ

n=l

+ jEH?
f(Z) = 2 gizﬂhz 2]6;2 ﬁl
e 2t +1 (D-14)
where &;, B1, and B9 are real coefficients (note that &1 = 1) and the contour I"

is the straight line extending from z = - e + je to z = o + je. It is sufficient to
have € > 0 to avoid the pole of g(z) at the origin. However, as mentioned
above we should redefine the contour (to I'g) so that it passes through a

critical point of f(z). For B =1, it can be shown that there are two critical
points both of which lie along the imaginary z axis, i.e, zj = jpj; i=1,2. One
of these critical points, say p1, lies below the singularity of g(z) atz = j§; =]j
whereas the second critical point, say pp, lies above this singularity. Thus, in
accordance with the above, if we choose € = p1 then the contour I'g will pass

through only one critical point of f(z) and not cross any of the singularities.
Hence, the summation in (D-13) reduces to just a single term. The details of
the evaluation are carried out in Section 8.2 of the main body of the report.

When B > 1, then

v ¢ Doz —2iBz - B
f@=-3 6% : £=0
; ( g 2 2 )
(D-15)
which, in general, yields 2 + 4(D-1) critical points of f(z). Since it is not, in
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general, true that all the critical points lie on the imaginary z axis, one must
evaluate these critical points numerically for each particular case and then
select the contour I'g appropriately as discussed above. It can be shown
however (see Appendix E), that for arbitrary B, there exists a unique critical
point, say zg, on the imaginary z axis in the interval 0 <z <j. Therefore,
since £j <1 for 1 <i < B (see the definition of &; in Eq. (72) of the main text),
and thus, aside from the singularity of g(z) at z = 0, all of the singularities of
g(z) and f(z) occur along the imaginary z axis in the interval j £ z < jeo, it is
sufficient to find this unique critical point zg = jyg (0 < yg £ 1) and choose the
contour I'g to pass through it.

It remains to satisfy condition (ii). Let v(z) = Im{f(z)}. Then from the
computations in Appendix E, it is clear that e

éiv%;_m <0 (D-16)
for 0 <y < 1. Since v(z) is harmonic, i.e., for all analytic functions f(z), we
have -

37v(x+jy) A¥(x + jy)

> 2o (D-17)
then
-a—zi(gx—*;-’-y—) 0 (D-18)

and thus the critical point zg = jyg is a local minimum of v(z) along the line -

z = x +jyq parallel to the x axis. It is straightforward to show that the contour
I'g can be deformed to a contour I'g' such that

(M= ’ ) (D-19)
and where zg = jy,, is the global minumum of v(z) on I'g". Thus, condition

(ii) is satisfied for the critical point zg.
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Appendix E

Proof That There Exists a Unique Critical Point
of f(z) Along the Imaginary z Axis in the
Interval 0 <z <j

Here we present a proof that the function f(z) (defined in Eq. (73) of the
main text or Eq. (D-14) of Appendix D) has a unique critical point (i.e., the
value of z where f'(z) = 0) along the imaginary z axis in the interval 0 < z < j.
Consider writing the derivative f'(z) along the imaginary z axis in the form

fw)zﬂm (E-1)
where, from (D-lS)
I3 £y -28 ¢y+ﬁ
f(])’) g 2i 1 2i (E_z)
(1-¢5Y)
Evaluating (E-2) at y = 0, we have
. N*-|5]
f(0)= ﬁzgi = 5 ‘2 77> 0 (E-3)
(N -l6.] )
Aty =1, (E-2) becomes
' ﬁz‘ ?—251§;+ﬂ2i
f.(]) = gi
(1-&y
_ z_la |2 N (N2 |5 Iz)3/2 2N(N2—|5‘-|2)”2 ) a2
=|1- 2 Y] 2 N1/Z +(N _Iail)
¥l ) | VBl ]
(E-4)

The first factor in (E-4) is clearly positive. We now wish to show that the
second (bracketed) factor in (E-4) is negative. The steps are as follows:
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2 sV
LELIK VR SO
il
215V
< (_:5—_:?—)?- N >5[ - 2(N2 - la‘minlz) +N7- ls““i“lz]
imi.n
N2 _ls ,-2 172 r
Lot o
imin

(E-5)
Thus, since each term in f'(jy) changes sign in the interval 0 Sy <1, there
must be at least one value of y at which f'(jy) =0, i.e, at least one critical point
of f(z) occurs in the interval 0 < z < j. It now remains to show that there is
only one such point, i.e., the critical point of f(z) that occurs in the interval
0 < z < j is unique. We shall do this by showing that f'(z) is always negative
in the interval 0 < z < j and thus f'(2) is monotonically decreasing in this same
interval.

Consider the derivative of (E-2). After considerable simplification and use
of the definitions of B1, Boj, and &; in (72), we obtain

1/ 1/2

(N -J8[) v + oMt - 4N [5f) v - anvi+ (V- [5f) v-2N
(1= ’

2—32”2
V= (N I ‘l) =Y =8y

(N2 - |5,,m|2)
(E-6)

It is straightforward to show that the sum of the first, third, and fifth terms of
the numerator are non-negative in the interval 0 < v <1 (or equivalently

0<y< D). In particular,

fi(y)=
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1/2

(V2= 5 f) v - a(v-[6f) v+ (N2 -5 [) v
= —2(N 2. |8,.|2)mv(v" +2v2-3)20 for0<v<l E-7)
Thus,

1/2

(N2 -|8f) " - 4N - [ ) "+ 6(N2 =5 ) v
S-2NMv’—4Nv*+6Nv for0<v<l

(E-8)
Substituting (E-8) in (E-6), we get

2NV’ + 6NV — ANV — 4NV2 + 6Nv - 2N
(1-v)°
_ 2NV -3y + 2V + 217 3y +1)

)

<£0; 0<sv<l

i<

_Z2NA—vy
(1-v7) (E-9)

Finally, since the derivative of (E-1) is the sum of the derivatives of each term
in the summation, and recalling from (72) that &; < 1, then from (E-9) we

obtain the desired result, namely,

fi(y)<0; 0<y<l1 (E-10)
or, equivalently, fj'(jy) is monotonically decreasing in 0 <y < 1. Q.E.D.

Although not of specific interest, it can also be shown that the critical
points of f(z) that do not lie on the imaginary z axis occur in pairs that are
symmetric about this axis. That is, if zg = xg + jyq is a critical point, i.e., f(zg) =
0, then z1 = -xg+jy( satisfies f'(z1) = 0.
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